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An approximate analytic solution tc the Michaelis-Menten kinetic equations is developed which is free of the traditional 
steady-state hypothesis and is of a simpler form than previous perturbation approaches, so that the relaxation process can be 
traced in detail. The method involves coordinate transformation of the rate equations and subsequent solution of an integral 
equation which displays evolution of the system in time as the unfolding of a memory function whose value at any instant is 
contingent upon the past history of the system. A memory function of the type described here is not present in linear kinetics, 

so that it can serve to define the distinctly nonlinear features of a kinetic process. The scheme can be eniarged for development 
of approximate analytical solutions to nonlinear rate equations descriptive of open systems which can evolve into limit cycles 
or show chaotic behavior_ 

1. Michaelis-Menten kinetics and the steady-state 
approximation 

The simplest and classic example of an enzyme 
mechanism is that -of Michaelis and Menten [l] 
which describes the irreversible conversion of a 
substrate S into producp P through formation of 
an enzyme-substrate complex C 

k, 
S+E = CICfP+E 

k-1 
(1) 

The kinetics predicted by this mechanism rest 
upon solution of the following rate equations, 
expressed in dimensionless form [2] 

~=-X+(.-x)y+ry . 
dy 

cdr=x-ry-v 

(h) 

PI 
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x(0)=1, y(O)=0 PC) 

where these quantities are related to the chemical 
concentrations, rate constants and real time I by 

x(7)= 2k.l 
S(O) ’ 

Y(T)==. r=k,E(O)r 

E(0) k 
c=--, 

S(0) 
a=2 

kJ(0) ’ 

)c= (k-,+k,) 

k,S(O) 
(3) 

Iqr)=E(O)-C(t). g=k2C(r). C(O)=0 

In many biological and laboratory situations 
the ratio of the initial enzyme to substrate con- 
centration is small, e =Z 1, which suggestedl the 
steady-state approximation of setting the left side 
of eq. 2b equal to zero. This produces a simple 
algebraic equation for y which, when substituted 
into eq. 2a permits the determination of x as a 
function of time, formally solving the kinctizs 
problem in this approximation. This approxima- 
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tion must fail, however, for times of the order of 
er, since this procedure reduces the order of the 
system such that the boundary conditions of eq. 2c 
can no longer be satisfied in a consistent manner. 
An analytical correction to this defect of the 
steady-state approximation, in successful agree- 
ment with exact computer solution of eqs. 2, has 
been made by Heineken et al. [3] using singular 
perturbation theory [4]_ This technique involves 
construction at successive orders of approximation 
of two solutions - an inner solution appropriate to 
short times (singular domain) and an outer solu- 
tion appropriate to long times (steady-state do- 
main) - and matching solutions such that the 
long-time behavior of the former joins smoothly 
the short-time behavior of the latter. In zero order 
to solution is 

x+rrInx=1-AXT. y=- 
K+X 

-+++q (4) 

This result has the feature that the zero-order 
solution for x is a transcendental equation_ As a 
consequence, all higher order solutions must in 
principle be based upon this transcendental equa- 
tion. The first-order correction, then, is com- 
plicated and difficult to interpret other than that it 
represents a quantitative improvement to eq. 4. 
More importantly and aside from the matter of 
complication is that since the transcendental fea- 
ture is a consequence of the steady-state ap- 
proximation at the outset, it is not de facto an 
intrinsic analytic feature of solution to the rate 
equations. In fact, this structure is at variance to 
an exact solution found by Miller and Alberty [5] 
to eq. 1 under the reversible condition which in- 
cludes a back rate k_, from product to complex 
provided k_, = k,. The solution in this case is not 
transcendental, but involves the ratio of exponen- 
tial terms characteristic of a nonlinear process_ 
The departure from balanced rates was then treated 
as a perturbation on these solutions, resulting in a 
complicated linear combination of exponentials 
without, however, any implicit transcendental time 

dependence. Two analytically different points of 
departure lead in this case to similar results. The 
two methods in principle should agree in infinite 
order (constituting exact solution), but even the 

next corrections are complicated and difficult to 
interpret. 

The aim of the present work is to introduce by 
example an alternative, and indeed opposite, ap- 
proach to development of approximate analytical 
solutions to autonomous coupled nonlinear rate 
equations which occur in both chemical and bio- 
chemical kinetics of either closed systems, such as 
the one here, or open systems which can evolve 
into limit cycles or perhaps even evince chaotic 
behavior [6]. The idea is to replace the differential 
equations in the chemical coordinates (here x and 
y) by coupled integral equations in coordinates 
which bear the same relation to x and ~7 that 
curvilinear coordinates bear to Cartesian coordi- 
nates. This coordinate transformation facilitates 
replacement of a perturbation method by an itera- 
tion of a guessed initial trial solution based upon 
the long-time behavior of the system. The iteration 
subsequently tracks the solutions backward in time 
and as a consequence, evolution of the system 
forward at any instant depends upon memory of 
its entire past history leading up to this instant. 
The time evolution of the system is thus interpre- 
ted as an unfolding at any present instant based 
upon the past, the equations themselves serving to 
drive the system into the future. The present exam- 
ple will illustrate that such unfolding of memory is 
not present in a linear process but is a distinct 
feature of a nonlinear process. The criterion for 
the guess is that the first iteration be sufficient to 
produce a satisfactory analytical solution to the 
rate equations, otherwise a repeated iteration to 
make up for a bad guess would result in the same 
nightmare of many terms as perturbation theory 
carried beyond lowest order. The goal of such a 
program is not to achieve ultimate numerical accu- 
racy, for computers take care of that. Rather. 
computer results are used as a check to see if the 
guess is a good one. If it is, the resulting expres- 
sions prove to be a simpler form and more analy- 
zable than perturbative solutions: one can get a 
picture of the dynamics of the process described 
by the rate equations to supplement rigorous 
quantitative information supplied by numerical 
computation. The development here will be con- 
fined to the particular Michaelis-Menten system of 
eq. 1, while section 4 will give a qualitative over- 



view of the implications of this approach. A more 
general analytic treatment applicable to the 
broader class of systems mentioned will be treated 
elsewhere [7]. 

2. Development of solution 

The first step is to investigate the behavior of 
the relaxation process in the approximation that 
neglects the nonlinear quadratic sy term in eqs. 2a 
and 2b. Solution of the linearized equations indi- 
cates that the eigenvalues p are 

p,=p*R 

Since interest here is in the limit that c is small. or 
more precisely that C/K +Z 1, then 

Jim p= =- 
1; 

< 

II 

K (6) 
- 

r c 

Since x and f‘ would evolve in time according to a 
linear combination of exponentials exp( p = T), the 
limit that E/K is small implies that for times long 
compared to cr the solutions should behave as 
exp - (XT/K). This result, of course, has’ already 
been noted in earlier work, although from a differ- 
ent point of view and arising as a consequence of 
critique of the steady-state approximation [3]. The 
problem, then, becomes to return to the exact 
equations and develop solutions which, for B/K a 1, 
evolve according to the small eigenvalue for long 
times. That the exact solutions must do so follows 
from the fact that x and y must approach zero for 
long times characteristic of equilibrium_ Since the 
nonlinear terms involve products of small terms 
for long times, the long-time behavior must be 
dominated by the linear terms. We introduce the 
following linear transformation to polar coordi- 
nates characterized by a real radial coordinate R 
and an imaginary angle coordinate LT 

x(~)=R(~)Ean cash a( 7) + cq2 sinh O(T)] 

y(~)=R(~)[~~,cosho(~)+a~sinho(~)] 

R(O)=]. o(O)=0 (7) 
i 

Substitution of this transformation into eqs. 2a 
and 2b results in the following equations 

g+Rg=p_R+A(o)R2 

R$=QR+B(u)R’ 

@a) 

WI 

X sinh t3 (8~) 

The coefficients a,/ in the transformation of eq. 7 
are chosen such that the quantities multiplying the 
linear R term in eq. 8 are constants independent of 
time, and in fact for the radial equation this con- 
stant is precisely the small eigenvalue which 
dominates long-time behavior; the initial condi- 
tions on R and (T are fixed by the initial conditions 
on x and y of eq. 2c. The linear approximation 
corresponds to neglect of the R’ terms. in which 
case R = exp(pr), o = Qr which, when substituted 
into eq. 7 and the hyperbolic functions expressed 
as exponentials, reveals the normal mode solution 
of the linear problem. Eq. Sa has the following 
formal solution as an integral equation, 

R(T)= 
R(O) ~~P[P,T--(~)I 

l+M(s) (9 

M(T)=-R(O)~=exp[p+r’-+‘)]_~[u(T’)] ds’ 

as can be verified by substitution into eq. 8a. The 
integral M reflects propagation of the system for- 
ward in time through past times r’ up to instant r, 
the integrand serving as the propagator. Since the 
propagator is a function of o evaluated at all 
earlier times, which is determined by eq. 8b, the 
kinetic equations themselves serve to drive the 
system into the future. In the present formalism. 
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solution of the rate equations at any instant of 
time depends explicitly upon the behavior of the 
system for its entire previous history. Thus, we can 
regard M as the ‘memory function’ which, im- 
portantly, is absent in a linear process as for 
instance the normal mode solution of the lin- 
earized rate equation_ Thus, its existence is inextri- 
cably connected with nonlinearity of the kinetic 
mechanism. From this point of view, since M is 
absent in a linear process, we can define a um- 
molecular process as one in which the instanta- 
neous state of the system is independent of its 
previous history, and a pseudo-unimolecular prci- 
cess as one in which memory effects are neglected_ 
We will make the initial guess that the process is 
pseudo unimolecular so that the initial trial func- 
tion is just eq. 9 with neglect of M. This starts the 
process of iteration, from which we proceed to 
work backward in time. The other approximation 
is that A and B of eq. SC are approximated by the 
lead term for small E/K: the hyperbolic functions 
then sum to exp(0) and p+ = -h/K so that 

A=zX&& 
2 

0, -+bSinhexp(20) 

and eqs. 8b and 9 become 

=P- 
R(T) exp(a)= 

t+lU 

The procedure is to solve eq. 1 la for r~ and then 
insert it into the memory function M of eq. 1 lc to 
obtain the first iterated solution for R. In princi- 
ple, the next step would be to substitute this 
iterated solution back into eq. 8b to compute an 
improved CT and so on. We discuss a concrete 
example in the next section. 

3. Analysis of solutiC8n 

Solution of eq. 1 la and subsequently eq. 1 lb 

gives the result, derived in the Appendix, that 

exp--(Zo)= -& 
(rr-+l)exp- $ 

( 1 
x7 

( ) 

tKexP-(N+(r)) 

#c+exp- ; 

(‘k) 

R exp(o)=~+~ 

N=$, +(‘)‘A~+[l--up-(~)] 

Substitution of this result into eq. 7 written in 
exponential form 

X= 
R=;(o) [( 

t+“d+(l--**)exP-(2~)1 

JC azzR e2xp(O) [I-exp-(2o)j (‘3) 

constitutes the approximate analytical solution to 
eqs. 2 of the present work. Features of the relaxa- 
tion process can be traced by noting that the 
parameter N, involving the reciprocal of C/K, is 

large, which implies that during short times for 
which KQ-/Z - 1, then XT/K = 1 /KN a 1, so that 
expanding the exponential in Q(T) for short times 
we obtain 

xz<, 
I (x+1)7 
- exp-p 

~XP-(W) (14) 

The short time period characterizes the fast-decay 
stage for substrate and the fast-ascent stage for 
complex, dictated by the same time dependence as 
the singular domain of perturbaticn theory (cf. eq. 
4) For longer times such that iir/~ a 1, corre- 
sponding roughly to the steady-state domain of 
perturbation theory, the process proceeds first 
through a transition region which leads asymptoti- 
cally to a final linear region. This transition region 
is characterized by evolution of the memory term, 
which in the present case grows logarithmically, 
and by ratios involving an exponential whose time 
dependence is controlled by the small eigenvalue 
of the linear analysis. 
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exp- (20) 

l+M - (15) 

r I-lIl(J+) 

The. transition region is the most interesting period 
during which the complex concentration builds up 
to a maximum before making its relatively slow 
descent to zero as product accumulates. Finally, 
passage to time such that the exponential is small 
leads asymptotically into the linear region dictated 
by a single exponential, characteristic of linearity 
in the final stage of the relaxation process. It is to 
be noted that the memory function grows in time 
such that it reaches an asymptotic value of 
[ -~I{(K + I)/K}], which implies that in the linear 
regime, although the functional time dependence is 
characteristically linear, concentrations are larger 
by a factor of approx. [-h{(K+ l)/~}]-’ than 
what they would be if the process were truly 
unimolecular_ This result is a consequence of the 
nonlinearity of the process reflected even at long 
times by what might be called a persistence of 
memory, which must only increase in time, since 
as time goes on ‘there is more to remember’. The 
long-time quantitative importance of M. however, 
in a relaxation process to equilibrium such as that 
describedhere is offset by the multiplication of its 
effect by an exponentially decreasing term. From 
the point of view of formal stmcture, the present 
analysis reflects, in sum, the behavior of explicit 
exponential time dependences, as in the model of 
Miller and Alberty [S], and is free of the steady- 
state approximation with the boundary condition 
problem and transcendental time dependence 
which it implies. 

It remains to be seen how reliable the present 
approach to kinetics is for the case at hand in 
relation to exact numerical computation and the 
results of perturbation theory [3]. The initial sub- 
strate concentration is identified with the Michae- 
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Fig. 1 X(T) of present work eqs. 12 and 13 compared to 
perturbation solutions and exact computer solution by Heins- 
ken et al. 131. 
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Fig.2. y(r) of present work eqs. 12 and 13 compared to 
perturbation solutions and exact computer solution by Heine- 

ken et al. [3]. 
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lis constant, S(0) = k, /k_, + k, which fixes K to 
be unity (cf. eq. 3). Data from the hydrolysis of 
benzoyl-L-arginine ethyl ester catalyzed by trypsin 
give X = 0.375, and the initial enzyme to substrate 
concentration ratio was chosen to be c = 0.1, from 
which N = 26.7. Comparison of the present study 
with exact solution and that of zero- and first-order 
perturbation theory is shown in figs. 1 and 2. It is 
seen that the time region extends to approx. T = 1 
or XT = O.j75, corresponding to the transition re- 
gion. The memory function starting at zero ini- 
tially reaches a value of -0.17 at 7 = 1, to be 
contrasted with its asymptotic value for time in the 
linear region of -In 2 = - 0.693 (this value was 
fixed by K = 1, which was fixed by the Michaelis 
constant)_ Quantitatively the present result for x in 
comparison with exact solution is better than that 
of first-order perturbation theory, but not as good 
for the case of y_ The reason can be seen from eq. 
13. Since c is small, aI2 is almost unity, so that x 
has a considerably weaker dependence on exp - 
(2~). But this term was not corrected iteratively by 
substitution of eq. 12b into eq. 8b such that it 
reflects the influence of memory. This, then, would 
be the- next correction to the present results. 
Agreement here, however, is within 7% of numeri- 
cal computation, so that this refinement would 
add little quantitatively or qualitatively to the 
above argument. 

4. Discussion 

The present work aims at development of an 
analytical formulation which goes beyond simple 
analysis yet yields solutions to coupled nonlinear 
rate equations which are not so complicated that 
one can trace the process of evolution in time 
implied by them. The procedure involves two steps. 
The first i’s a transformation to polar coordinates. 
The second is iterative solution to any desired 
degree of refinement to coupled integral equations 
expressed in these coordinates. 

The basis of the polar coordinate transforma- 
tion is that the radial coordinate on the right side 
of the rate equations is always multiplied by a 
constant. for examplep, and a in eqs. 8a and 8b. 
This enormously simplifies the analytical problem, 

and it can be shown quite generally that these 
constants are simply related to the eigenvalues of 
the linear problem. If the rate equafons are such 
that fi is imaginary, then o becomes imaginary and 
the transformation involves the usual polar coordi- 
nates_ The procedure here is a generalization of 
phase plane analysis, useful in studies of nonlinear 
oscillating systems [8]. In that case, there is typi- 
cally the transformation x = R cos 8, y = R sin B 
while here each coordinate would depend on both 
sine and cosine. The present approach gives the 
added flexibility to simplify the term linear in the 
radial coordinate, which is not achieved by the 
simpler phase plane coordinate representation_ If, 
further, the rate equations are such that in addi- 
tion p is positive, then the present formalism is 
applicable to the kinetics of open systems which 
can evolve into limit cycles, an example being the 
‘Brusselator’ autocatalytic model [9]_ Here, there is 
motivation to enlarge the scope to include three 
variables x, y and I, say. This would be a natural 
requirement for tinsjderation of more realistic 
open-system kinetics-sutih as embodied by modell- 
ing of the Zhabotinskii reaction [6] or the chaotic 
behavior predicted by the eqbatipns of Lorenz 
[lo]. Such extension would lift the limitation of the 
present simple scheme itself to include the findings 
of modem relaxation techniques which clearly dis- 
cern intermediates [l I]. In all these cases, the 
appropriate transformation would be to cylindrical 
coordinates [7]. 

The development of approximate analytic solu- 
tion through construction of an integral equation 
leads to a memory function whose presence pin- 
points traceably the nonlinear features of time 
evolution. Thes.e memory functions open interest- 
ing possibilities for interpretation. As the present 
case suggests, the approach to equilibrium exhibits 
the unfolding of a memory which accumulates in 
time until death characteristic of equilibrium over- 
takes it. But what about an instability evolving 
into a limit cycle? Here, memory of transition to 
the limit cycle is ‘lost’ once the system is in the 
cycle, yet the cycle itself, being of a periodic 
nature, must reflect a repetitive pattern, where the 
repeat frequency is that of the limit cycle. One can 
only speculate on memory associated with de- 
terministic equations which computer-wise exhibit 
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chaotic behavior [lo]. One possibility is that the 
memory function is stable for a period of time and 
then itself evolves into a different analytic pattern, 
but that the transition between the patterns is 
nonanalytic_ 

Appendix 

The substitution f= exp - (u) transforms eq. 
(Ila) to 

+{=-RTf+j3 

a=: X-+exp- 
[ 

XT 
( >I x 

1 AT 
/3=-exp- - 

< ( ) L 

which integrates to 

(AI) 

N=-$ +=Xr+[I--exp-(~)] 4 

E a 1 implies that we are interested in the asymp- 
totic value of the integral for large N. A change of 
integration and successive integration by parts 
shows that 

= ,im ex~N(1---Z) 
N--II Zh% 

(A31 

where the last sum is just the geometric series. 
Substitution of eq. A3 into eq. A2 produces eq. 
12a, which in turn, upon insertion into eq. 1 Ic 
determines the memory function. In principle, the 
exp - (N+) portion of eq. 12a contributes to the 
memory function_ However, its contribution is of 
the order of l/N = l and hence is ignored. The 
other portion of eq. 12a integrates to produce the 
logarithmic memory function of eq. 12b. 
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